STAT 821 HOMEWORK 1 SOLUTION

Question 1.8

Proof: Suppose the set of median is M, Vm € M,Va < m
E|X —al — E|X —m|
_ / (:U—l)dP+/ (a— X)dP — (X—m)dP—/ (m — X)dP
X>a

X<a X>m X<m

= / (2X—a—m)dP+/ (m—a)dP+/ (a —m)dP
a<X<m X>m X<a
0

\Y

Last inequality holds since P(X > m) > 1/2, P(X < m) < 1/2 and

a<m.

By a similar argument, we can show that E|X —a| — E|X —m| >0
for Vm € M,Va > m.

If a =m and E|X —a| = E|X —m|. Vm1,ma € M and m; < ma,
P(X>me)>1/2 P(X<m1)>1/2 = P(mi<X<ms)=0

P(X>mg)=P(X<mi)=1/2 = Plm<X<my) =0

and hence F|X —a|—E|X —m/| = 0. Therefore, F|X —a| is minimized
by any median of X.

Question 1.11

(a) fi1 and fy are continuous symmetric densities. Thus (f; — f2) is a

continuous symmetric function.

J1(0) > f2(0) & f1(0) = f2(0) >0 or (f1— f2)(0)>0

Ve > 0,30 > 0,s.t. if |z — 0] < 8., |(f1 — f2)(@) — (f — f2)(0)] < e



since (f1 — f2) is continuous. Set € = (f1 — f2)(0) > 0. 39, s.t. if
—d<x <9,

[(f1 = f2)(x) — (fr — f2)(0)] < (f1 — f2)(0)

or
0 < (f1 = f2)(=) <2(f1 — f2)(0)
Therefore

PI61 — 6] < §) — P(|62 — 6| <5):/ (fi = fo)(x)dz > 0

—0<z<é

(b) 61~ f1 = f(x), b2~ fo=2(f* f)(22) = [0 2f(2x —7)f(7)dT

Pl|01]| < ¢] > PJlo2] < ¢] & /C f(z)dz > /c 2(fxf)(2z)dx = /C 2/oo fQz—7)f(r)drdx

fo(=z) = 2(f = f)(—2z)
= /_ 2f(=2x — 1) f(7)dr
_ /_OO 2 (20 — 1) f(t)dt

= 2(f* f)(2x)
= fa(z)

Thus fo is symmetric, f is continuous = f, is continuous.

£2(0) = / T 2f () f(r)dr =2 / T P o)d < £(0) = £1(0)

—0o0

Therefore, by part(a), P(|01] < ¢) > P(]d2| < ¢) for some c.

Question 3.8 Let fx = E(\, 1), fy = E(u, 1).



f/\z e~ (@=N gy f;o e_(y_“)dy = %e“_)‘ — %e’”')‘_% if 2>\
0 if z <A
1

—%e“*/\—%e““‘*zz if 2>\
P(Z<2W=0) = { 1—en> i< z<A

0 ifz<\

1—ettA=22 if 2 > A
1—et™* ifpu<z<A
0 if z <A

P(W =1)=Zet"* P(W =0)=1—3e/*. Thus, Z and W are dependent
unless p = A.

Question 5.1

(i) The natural parameter space is the set of n’s s.t.

/ e eIl d < 0o

/ eIl gy = / et dy 4+ / e Tdx
<0 >0

In order for f e e~ 17l do < 0o, it must be true that

Notice that

/ M dr <00 = n+1>0 = np>—1
<0

and

/ My <00 = n—1>0 = n<1
x>0

Thus {n: —1 < n < 1} is the natural parameter space.

(i) Let
6771 6_|z‘ d
———dr <o
/ 1+ 22
Since
enz—|z
52 < ™=l everywhere w.r.t. Lesbegue measure
x



we have

67790*‘93|
/ a2 dr < / el dy < 0o Ve (—1,1)

Also notice the for n =1

er]xf|x\ o2 1
/2d33:/ 2d:n+/ —— dr < o0
I+ e<o 1+ 2 e>0 1+ 2

for n = —1

er]xf|x\ e 2z 1
/ de:/ 2d:n+/ 5 dx < 00
L+ e>0 1+ 2 p<o 1+ 2

But for > 1 notice that

6(77*1)96

1+ 22

67795*\34 6(77*1)1
/ dx > / ——dr =
1 =+ .%'2 >0 1 + fI,'2

Similarly for n < —1

enr—|z| em—1)z
/ dx > / dr = 0o
1 + CCZ <0 1 + CCQ

Thus the natural parameter space is given by {n: —1 <n < 1}.

— 00 as T —»

So for n > 1

Question 5.2
It is straightforward using the hint in the textbook.



